Introduction
A Euclidean nearring is any topological nearring (R n , +, •) where (IR n , +) is the n-dimensional Euclidean group, multiplication is continuous, and the following right distributive law holds:
RDL (u + v)w = uw + vw for all u,v,w G (R n , +, •).
An associative Euclidean nearring is a Euclidean nearring where the multiplication is associative. When we wish to emphasize the dimension, we will speak of an n-dimensional Euclidean nearring or an n-dimensional associative Euclidean nearring. The results we get here show that the existence of various types of elements in a Euclidean nearring forces it to be a ring. There are even cases where several rather simple conditions are sufficient to characterize (to within isomorphism) one particular ring within the class of all two dimensional Euclidean near rings and this class is truly enormous. Standard references for the algebraic theory of associative nearrings are [1] , [7] , and [8] .
Results and examples
An element in a nearring is in the center of the nearring or is central if it commutes, with respect to multiplication, with all elements in that nearring. THEOREM 
Let M be any n-dimensional associative Euclidean nearring with n linearly independent central elements. Then M is a ring.
Proof. We denote the i th coordinate of a vector v £ R" by Vi. Let e 1 be the element in R n such that e\ = 1 and e*-= 0 for j / i and let (M n , +, *) be an n-dimensional associative Euclidean nearring in which each e l , 1 < i < n, is central. We will show that (R n ,+,*) is a ring and we will then show that M is isomorphic to (M n , +, *). According to Theorem 2.10 of [3] , there exist n 2 continuous functions /¿j, 1 < i, j < n from R™ to R such that for all v 6 (R n , +, *). Thus each 1 < i, k < n is a linear map from R n to R and it now follows from Theorem 2.11 of [3] that (R n , +, *) is a ring. It is appropriate to remark at this point that if one takes arbitrary linear maps fij from R n to R and defines multiplication as in (2.1.1), that multiplication will always be both left and right distributive but it will not, in general, be associative. However, we have associativity here by virtue of our assumption that (R n , +, *) is an associative nearring. We have now shown that If (R n ,+,*) is any n-dimensional asssociative Euclidean (2.1. 4) nearring such that each e l , 1 < i < n, is a central element. Then (R n , +, *) is a ring. Now let {«*}£_! be n lineaxly independent central elements of M and let ip be the linear automorphism of R n such that <p(e l ) = u l for 1 < i < n. Denote the multiplication of the nearring M by juxtaposition and define another multiplication * on R n by v * w = <p~1 ((p(v) (p{w)). Then <p is an isomorphism from (R n , +, *) onto the nearring N. Moreover, ((p(v) <p(e 1 )) = v * e l for all 1 < i < n and it follows from (2.1.4) that (R n , + , •) is a ring. Thus M is a ring and the proof is complete.
In the case n = 2, we can be much more specific by appealing to results in [2] The multiplication given by (2.2.1), of course, yields the field of complex numbers while that given by (2.2.2) yields the direct sum of the real field with itself. The requirement that the two central elements be linearly independent in Corollary (2.2) is absolutely essential as is shown by the following Several characterizations (to within isomorphism) of the ring R © R, whose multiplication is given by (2.2.2), were given in [4] , page 360. These properties characterized R © R within the class of all two dimensional Euclidean nearrings. For example, a two dimensional Euclidean nearring M is isomorphic to R © R if and only if it has a left identity e and a central idempotent v such that e ^ w ^ 0. This is equivalent to requiring M to have a left identity e and at least three central involutions where an involution is an element v with the property that v 2 = e. This was actually done within the context of the hyperbolic numbers. These are the elements of the two dimensional Euclidean ring where the multiplication is given by vw = (viwi + V2W2,viW2 + V2W1). However, it is easy to check that the map <p defined by <p(v) = (i;i -v 2 ,v\ + V2) is an isomorphism from the ring of hyperbolic numbers onto the direct sum R © R. A nice exposition of the hyperbolic numbers together with a list of related papers is given in [9] .
The next several results also concern two dimensional Euclidean nearrings. We refer to an element a of a nearring Af as a left annihilator if ax = 0 for all x € Af. Our next result shows us that there is (up to isomorphism) exactly one two dimensional Euclidean nearring with a left identity and a nonzero left annihilator and it turns out to be a ring. In other words, the existence of a left identity and a nonzero left annihilator forces the multiplication to be both associative and left distributive. This particular ring was also characterized in the Main Theorem of [5] as that unique (up to isomorphism) associative two dimensional Euclidean nearring which has a left identity which is not a right identity.
THEOREM 2.4. Let J\f be a two dimensional Euclidean nearring with a left identity and a nonzero left annihilator. Then Af is isomorphic to the ring (R 2 ,-|-,-) where the multiplication is given by (2.4.1) vw = (viw\, viW2).
Proof. Let (R 2 , +, *) be any two dimensional Euclidean nearring with left identity (1,0) and a nonzero left annihilator (x,y). According to Theorem 2.10 of [3] , there exist four continuous functions f,g, h, k from R 2 to R such that ( 
2.4.2) v * w = (v\h{w) + v2f(w),vik(w) + V2g(w)).
Since (1,0) is a left identity, we have It readily follows that tp is an isomorphism from (R 2 , +,*) onto (R 2 , +,). Furthermore, it also follows that (1,0) is a left identity for (R 2 ,+,*) and is a nonzero left annihilator of (R 2 , +,*). Consequently, it follows from (2.4.8) that (R 2 , +,*) is isomorphic to (R 2 , +, •) and so, N is isomorphic to (R 2 , +, •) as well.
In our next result, we show that, up to isomorphism, there is exactly one two dimensional Euclidean nearring with a left identity and a central nonzero nilpotent element and that nearring turns out to be a commutative ring with a two-sided identity. We saw in Theorem (2.4) that the existence of a left identity and a nonzero left annihilator in a two dimensional Euclidean forces the multiplication to be associative and left distributive. In this case, the existence of a left identity and central nonzero nilpotent element in a two dimensional Euclidean nearring not only forces multiplication to be associative but commutative as well. Since we are not assuming that multiplication is associative, we must define v n for v € M and any positive integer n. we define v l -v, v 2 = vv and v n = v n~1 v for n > 2. The rank of a nilpotent element v is the least positive integer n for which v n = 0. And now, we are in a position to prove the following THEOREM Proof. We let (R 2 , +,*) be any two dimensional Euclidean nearring with left identity (1,0) and central nonzero nilpotent element (x,y). Corollary (2.2) of [6] assures us that the rank of (x, y) is, in fact, two. We will show that (R 2 , +, *) is isomorphic to (R 2 , +, •) and then we will show that any two dimensional Euclidean nearring with a left identity and a central nonzero nilpotent element is isomorphic to (]R 2 ,+,*). Since (1,0) is a left identity for (R 2 , +, *), it follows from Theorem 2.10 of [3] , just is in the proof of the previous theorem, that there exist two continuous maps / and g from R 2 to R such that the multiplication * is given by , (1,0) is a left identity and <p -1 (n) is a central nonzero nilpotent element of (R 2 ,+,*) and it now follows from (2.5.9) that Af is isomorphic to (R 2 , +, •).
The following example shows that one cannot hope to prove the latter theorem if one simply drops the condition that the nilpotent element be central. EXAMPLE 2.6. Let (R 2 , +) denote the two dimensional Euclidean group. Let n > 1 be an integer and define a multiplication on R 2 by vw = (v\Wi,viW2 + V2W1). One can verify directly that the multiplication is associative and right distributive over addition so that (R 2 , +, •) is a two dimensional associative Euclidean neaxring. It is also easy to check that (1,0) is a two-sided identity for (R 2 ,+, •) and all elements of the form (0,y) are precisely the nilpotent elements. However, in no case is (R 2 , +, •) a ring.
